The unsteady structure of a supersonic jet is highly three dimensional, though the mean flow is axisymmetric. In simulating a circular jet, the centerline represents a compurational boundary. As such, spurious modes cau be generated near centerline, unless special attention is given to the behavior of the 3D structure near the centerline. Improper treatment of the dependent variables near the centerline results in the solution diverging or being suitable only for small amplitude excitation. With a careful treatment of the centerline formulation, no spurious mode is generated. The results show that a near linear disturbance growth is obtained, as the linear stability theory indicates. At high levels of excitation, nonlinear development of disturbances is evident and saturation is reached downstream.
I. INTRODUCTION
Jet noise suppression has become a critical issue . for the development of high speed civil transport plane. The jet noise is generated by the time dependent flow fluctuations in the near field which are associated with' pressure fluctuations that propagate to the far field producing the radiated sound. Experiments have shown that the measured sound fields appear to emanate from a region about 10 diameters downstream of the nozzle exit "Corresponding author.
109 [I] . This noise-producing initial region of the jet is characterized by a large scale vortical structure and can be viewed as having a wavelike nature. It is believed that the large scale structure is more efficient than the small scale structure in radiating sound [1] [2] [3] [4] [5] . This indicates that the initial development of the jet should be clearly resolved such that an accurate noise prediction can be made. By modeling the noise producing large scale structures as instability waves, classical instability theory is formulated. Based on the instability 
GOVERNING EQUATIONS
The flow field of a supersonic jet is governed by the compressible Navier-Stokes equations, which can be written in cylindrical coordinates as 
p+pI'2_(T" (4)
(YVW -ar¢ pv! -ua. v -va r , -wO"r.p -k~t he centerline. In axisymmetric jet flow, Mankbadi et al. [I) J derived a new set of equations at the centerline from the original equations using L'Hospitals rule to circumvent numerical problems associated with the geometric singularity in the formulation. In the present study, three approaches to the centerline treatment are considered, namely, asymptotic, averaging and interior points approaches. The effect of sub-grid scale turbulence stresses is not taken into account in this study to avoid any uncertainty from the turbulence models. A supersonic jet with Mach nurner = 1.5, Reynolds number = 1.27 x 10 6 based on the nozzle exit diameter and jet centerline parameters is considered. The outer stream is 0.25 of the jet exit velocity, and the jet temperature ratio is 0.5. Time-harmonic disturbances are imposed at the inflow boundary of the jet, and the subsequent development of disturbances are examined.
theory, Tam and Morris [6] and Tam and Burton [7] were able to predict the noise characteristics of high speed jets. Morris ct al. [8] and Viswanathan and Morris [9] also showed that the instability theory can capture the dynamic evolution of free shear layers. A detailed review of the noise generated by the large scale structures has been provided by Tam [10] . As such, linear stability theory can be used to verify the simulation. The ncar Ilow field of the jetis described by thc unsteady Navier-Stok es equations and can be solved by advanced numerical methods. However, direct numerical simulation can not resolve all scales of motion for high Rcynolds number flows. It is appropriate to perform large-eddy simulations to accurately capture the large scales of motion while modelling the sub-grid scale turbulencc. The usc of large-eddy simulations (LES) as a tool for prediction of the jet noise source has been proposed by Mankbadi et al. [II] . Not only thc mcan flow must be calculated accurately, but also the physical Ilow fluctuations must be accurately predicted since the sound source is given in terms of the flow fluctuations. Since the computational domain is usually finite, the numerical boundary conditions can generate spurious modes that render the computed Ilow fluctuations totally unacceptable.
In simulating a circular jet. the centerline (r = 0) represents a computational boundary. Boundary condition for axisymmetric mean Ilow is obvious. However, the unsteady structure of a supersonic jet is highly three dimensional, cven though the mean Ilow is axisymmetric (sec, for instance, Mankbadi [5] , Michalke [12] ). As such, spurious modes can be generated near the centerline, unless special attcntion is given to the behavior of the three dimensional structure near the centerline. Vcnkatapathy [13] has studied the axis boundary conditions for external hypersonic flow over blunt bodies. A similar careful study does not exist for jets, which is the subject of the present work.
The numerical solution of the Navier-Stokes equations in cylindrical coordinates requires the proper treatment of the discretized equations at (6) one-dimensional operators and applied in a symmetric way to avoid biasing of the solution:
where L represents the one-dimensional operator. Each operator consists of a predictor and a corrector steps, and each step uses one-sided differencing: Predictor:
Here Q is the unknown vector, F, G, and Hare the fluxes in the .v, r, and q, directions, respectively; S is the source term that arises in cylindrical polar coordinates; and k is thermal conductivity. The total enthalpy is I, the total energy is E, and au are the viscous stresses. This system of equations is coupled with the equation of state for a perfect gas.
3. NUMERICAL SCHEME
The importance of the dispersion and dissipation of a given scheme, which used in connection with computational aeroacoustics, were highlighted by Hardin [14] . Both effects are crucial in computational aeroacoustics, and can render the computed unsteady part of the solution completely unacceptable. As such, high-order accurate schemes are required for problems in computational aeroacoustics. A fourth-order accurate in space, second-order accurate in time scheme is used, which is an extension of the MacCormack scheme by Gottlieb and Turkel [15] . Mankbadi et al. [II] used this scheme to study the structure of axisymmetric supersonic jet flow and its radiated sound. Ragab and Sheen [16] , and Farouk , Gran and Kailasanath [17] have also successfully applied this scheme for the study of nonlinear instability problems in plane shear layers. Sankar, Reddy and Hariharan [18] performed a comparative study of various numerical schemes for aeroacoustics applications, and found that this scheme offers high spatial accuracy. In this scheme, the operator is split into three and likewise for the radial and azimuthal directions. The scheme becomes fourth-order accurate in the spatial derivatives when alternated with symmetrical variants. Let L 1 be the one-dimensional operator with forward difference in the predictor and backward difference in the corrector, then L 2 will be the one-dimensional operator with backward difference in the predictor and forward difference in the corrector.
BOUNDARY CONDITIONS
The scheme uses one-sided difference for the fluxes. A cubic extrapolation is used to obtain the fluxes at two ghost points outside the computational domain in order to update the boundary points, i.e.,
The physical outflow boundary conditions for the computation are derived using linearized characteristics [19, 20] to permit the unsteady flow properties to pass without producing non-physical
I\' = A cos d:
The solution for 11' near the centerline can thus be written as updating. We found that using two ghost points near the centerline generates nonphysical oscillations and causes the code to blow up. Instead, we used the second-order MacCormack scheme for updating this point. Therefore, only one ghost point is needed. Three approaches to centerline treatment are considered and discussed below.
Asymptotic Behavior of Navier-Stokes Equations Near the Centerline
Starting from the Navier-Stokes equations, and requiring that the flow variables should be finite for r = 0, we find that the azimuthal velocity I\' must satisfy the differential equation
We chose to study a top-bottom symmetrical jet,
i.e., the three-dimensional helical modes corne in pairs as the experimental investigation of Cohen and Wygnanski [22] , and the theoretical investigation of Mankbadi [11, 22] have shown. In this case, the constant A in the above equation is set to zero. The formulations for u, 1', p and p can be derived in the same way. It follows from the Navier-Stokes equations that the flow behavior at r = 0 can be written as (13) ( 12)
Wc now focus our attention on the flow behavior ncar thc centerline, as r approaches zero. where II, is the exit velocity of the jet, 11 0 denotes thc velocity of coflow and 8 is the momentum boundary layer thickness of the jet shear layer.
The momentum thickness 8 and radius rare normalized by the nozzle exit radius R. The corresponding temperature is specified by the Crocco's relation, which can be expressed as where M represents the mass, axial or radial momentum, or energy flux, while N is the momentum flux in the azimuthal direction.
These equations are valid at r = 1'" where r., is a small quantity and is taken to be 0.0 I in the present study. Thus the above equations describe the solution at </> on the circle r = 1'" in terms of the solution at </>0" In implementing this condition, the solution at </>" is obtained by taking the average of the values at 0 0 and 180 0 • the interior point "c' as follows
Averaging
Nonreflceting boundary condition
RESULTS AND DISCUSSION (21 )

Q=Q+e·Q'
Centerlinecondition A supersonic jet with Mach number 1.5, based on the jet exit parameters, is considered in this study. The velocity ratio 1I,,/lIj is 0.25, and the temperature TofT; is 0.5. The Reynolds number based on the jet diameter and jet exit centerline velocity is 1.27 x 10 6 The parameter, momentum thickness e, in the initial axial velocity profile is 0.125. The inflow is taken to be the mean plus the time harmonic disturbance.
where Q and Q' were given in the previous section, and E is the input excitation level. The computational domain (as shown in Fig. 2 ) extends 5 radii in the radial direction, and 50 radii in the axial direction. ¢ ranges from 0 to 180 degrees in the azimuthal direction, since we consider a topbottom symmetrical jet, and only half of the circular jet is solved. The computational grid consists of 300 x 100 x 13 mesh points in the Another alternative that can be used is the simple averaging. The idea is that the flow variable at centerline I' = 0 is single-valued and independent of the azimuthal direction. In implementing this approach, the flow variables II, II, 11', P and p at r = 0 are taken to be the azimuthal average of all points at r = 6.r.
Centerline as an Interior Point
The centerline boundary condition rs In fact an artificial one that arises from the fact that polar coordinates are used with r starting from zero. Imagine performing full jet simulation with I' extending from -oo to 00, thus point "a" closest to the centerline (Fig. I) can be treated as an interior point. If a second-order scheme is used, then the flux at point "b" is needed for updating point "a". Since we are solving half a jet, point "b" is a ghost point. But because of symmetry, the flux at point "b oo can be related to that of indicated in Figure 4 , nonphysical values were generated near the centerline, Figure 5 shows the spectra at r = r.; .v = 40R, This figure shows that the amplitude peaks at the forcing frequency St = 0,125 and its harmonic. and no spurious modes were generated when the asymptotic formulation is used, Without careful treatment of the centerline, spurious modes were produced that rendered the solution totally unacceptable, Figure 6 shows the growth of the input axial velocity disturbance at r]R = I for several excitation levels USing the asymptotic formulation, The time span in which thc data was collected is 16 characteristic times, where the characteristic time is defined as the ratio of nozzle exit radius to the jet centerline velocity. This time span corresponds to the period of the input disturbance when the Strouhal number is 0,125, Fourier transforms are performed for the collected time dependent data to obtain the amplitude of the disturbances at each location, As one can see in Figure 6 , the disturbance grows 
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FIGURE 6
The growth of axial velocity disturbance at r = I using asymptotic formulation. Next, we show the results obtained using simple averaging at the jet centerline. A snap shot of the predicted density contours is shown in Figure 7 . Clean behavior near the centerline is obtained. Figure 8 presents .!!!. at 1' / R = I for various excitation levels. The predicted disturbance growth rate is slightly differcnt from the linear stability theory. However;' thc same phenomenon as those of the previous two approaches occurred, i.e., an initial linear growth of disturbance followed by its nonlinear development. The saturation of disturbance growth is also reached downstream. Figure II shows the comparison of the growth of axial velocity disturbances at 1'/R = I using the three different approaches. The results obtained using the interior point approach have a slightly higher growth rate than the results obtained using the asymptotic and averaging approaches. The three-dimensional structure of the flow lielcl is shown in Figures 12-14 . Figure 12 shows the snap shot of the computed velocity vectors in r-¢ plane at .v = 28.3, 33.3 and 38.3. As demonsuutcd in this figure, the cross flow velocity increases and changes its direction when the flow gocs downstream: a clear evidence of the development of strcamwise vorticities. Figure 13 shows the kinetic energy and vorticity contours at ¢ = 0 and 180 degrees. It is seen that the symmetry of thc !low no longer exists downstream. Figure 14 shows the iso-surfaces for the kinetic energy and vorticity magnitude at time 1 = 100. The helical nature of the structure and the roll-up of vortices are evident.
CONCLUSIONS
Dircct simulations of a supersonic round jet flow field were presented with emphasis on the numerical treatment of the centerline (I' = 0). Three ap-. preaches, asymptotic, averaging and interior point, were considered in the present study. Similar results were produced by all three approaches; a clean behavior of the flow near centerline, linear growth followed by nonlinear development of the disturbances. and the helical nature of the flow structure. However, the interior point approach on the centerline provides higher disturbance growth rate in the shear layer than the linear . stability theory predicts. The asymptotic and averaging approaches provide disturbance growth rate as the theory predicts. While the asymptotic approach is derived from' the physical point of view, the averaging approach is found to be more robust and easy to implement.
